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1 Introduction 



There is an increasing interest in the study of two-dimensional (2D) dilaton gravity for dif- 
ferent reasons. First, the insurmountable difficulties involved in dealing with 4D quantum 
gravity make of 2D dilaton gravity a very interesting laboratory, which may presumably 
lead to the understanding of general properties of true quantum gravity. In fact, it is 
much easier to work with 2D gravity, because there the by now well-known methods of 
conformal field theory can be successfully applied. Second, 2D dilaton gravity with mat- 
ter may well serve as a good toy model to study very important features of black hole 
evaporation and thereby connected issues (see [1] for a review and list of references). 

Different approaches to the quantization of 2D dilaton gravities (mainly, string inspired 
models) have been discussed in papers [2-7] (see also the references therein). Specifically, 
the covariant effective action and the one-loop renormalization of some specific models 
have been studied in refs. [3,5,7]. 

In the present paper we shall obtain the covariant effective action corresponding to 
a very general, multiplicatively renormalizable [3,4] (in generalized sense) model of 2D 
gravity with matter. Its action has the following form 

+6($) {i'aNa.i,,)' - \fmg^''^,X^^.X^ + V , x)] ■ (1) 

It includes a dilaton field, n Major ana fermions ■^a interacting quartically via a sym- 
metric constant matrix Nahi and m real scalars Xi- We shall also consider the (much 
more difficult) case in which this action contains 2D Dirac fermions. Notice that we have 
chosen the matter to interact with the dilaton via arbitrary functions. 

This action describes and generalizes many well-known dilaton models. For instance, 
the celebrated bosonic string effective action corresponds to 

Z($) = 8e-2*, C($) = V{^) = AX^e-^^, g($) = 6($) = 0, /($) = 1. (2) 

On the other hand, in the absence of matter our action for 

Z = 0, C($) = $, 1/($) = A$, (3) 

coincides with the Jackiw-Teitelboim action [8] . But other dilaton models are parametrized 
by the set {Z, C, q, b, /, V}. It goes without saying that one can also add gauge fields to 
the matter sector. 
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In principle, at the classical level the theory defined by the action (1) can be trans- 
formed into an equivalent theory whose corresponding action is more simple. Indeed, this 
can be done by choosing the field as defined through the equation 

= (4) 

and by expressing $ as $ = $(921). Next, let us introduce a new field, <^2, via 

= (5) 

and write then $ = $(</72). After having done this, by making the transformation [6] 

g,. (6) 

with a properly chosen p(v?2) [6], one can see that the theory (1) with the transformed 
metric (6) is classically equivalent to the more simple, particular case 

Z = l, C = cip2, V = e^^^^-^^V{ip2,x), f{^) = fM: 

^%2)e2^(^^), g($) = g((^2)e''(^^). (7) 

However, the model (7) (which, generally speaking, may be considered as a representative 
of the general class (1)) is still complicated enough. Moreover, it still includes arbitrary 
functions of the dilaton (now (p2), as (1) does. Finally, the classical equivalence may 
be lost at the quantum level. For all these reasons, we choose to consider the quantum 
effective action corresponding to the more general theory (1). 

Being more specific, in this paper we shall construct the covariant effective action of 
the theory (1), study its one- loop renormalization and discuss some thereby connected 
issues. The work is organized as follows. In the next section we describe in full detail the 
calculation of the one- loop covariant effective action in 2D dilaton gravity with Majorana 
spinors. This is, to our knowledge, the first example of such a kind of calculation in two 
dimensions. The inclusion of scalars is also discussed in that section. Sect. 3 is devoted 
to the computation of the covariant effective action of dilaton, scalars and Majorana 
spinors for quantum systems in classical spacetime. In Sect. 4 we discuss the technical 
problems which appear in the derivation of the covariant effective action in 2D dilaton 
gravity with Dirac fermions. The solution of these problems is found, via reduction of 
the system to the previously discussed case of the theory of quantum dilaton gravity with 
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Majorana spinors. In Sect. 5 the one-loop renormalization of quantum dilaton gravity 
with Majorana spinors is discussed. The conditions of multiphcative renormahzabihty 
are specified and some examples of multiplicatively renormalizable dilaton potentials are 
obtained. Finally, the conclusions of the paper are presented in Sect. 6. There is also a 
short appendix on the sine-Gordon model. 



2 The one-loop effective action of 2D quantum grav- 
ity with matter 

In this section we will calculate the covariant effective action for the theory given by the 
action (1). For simplicity, we first put the scalars Xi — ^ discuss dilaton-Majorana 
gravity only, i.e., the action 



(8) 



Our purpose is to calculate first the effective action for the theory (8), before proceding 
with the general case. 

Let us introduce some notations: 

Notice that T^^, is not the stress tensor. We are going to use the formalism of the back- 
ground field method, representing 

i/j^i/j + Ti, $^$ + <^, e^^e^ + /i^, (10) 

where ■0, $ and are background fields. The action (8) will be expanded to second order 
in quantum fields. The Lorentz symmetry of the zweibein (e^) is 'frustrated' by imposing 
the no-torsion condition e^^/i^ — e^^/i^^ = as a constraint: we insert the corresponding 
delta-function into the path integral but do not exponentiate it. The corresponding ghost 
contribution, which is proportional to S{0), may be discarded. This procedure fixes one 
out of four gauge parameters and leaves three to be undone by the metric variations. 
Thus, the variation of the zweibein h'^ is solved for the metric variation h^i, 

K-lKe'^ + lh>^'h,^e: + .... (11) 



That is, we will work with the variations of the metric rather than the zweibein. The 
quantum fields are arranged into a vector 0* = {ip; h; hfj,u',Tia}, where h^i, = h^^ — \g^v 
The equations of motion with respect to the background fields are 



= = ^^VaV^ + 4(VA<f )(7V) - 46J(iVV;) 
0%) I 



5S 
5$ 



1 



= -Z(A<I>) - -Z'(V^$)(Va$) + C'R + V' + qT + bJ^ 



6S 







-/\C + V + -qT + h.f . 



Here 5^ denotes the right functional derivative. 
The covariant gauge fixing condition is 



S. 



9-f- 



— f r v^v^ 
2 J ^fii^A A 



(12) 
(13) 
(14) 



and the total quadratic contribution to the action takes the form 



c(2) 
'-'tot 



(15) 



where H is the second order minimal operator (though the coefficient matrix multiplying 
the Laplacian is not invertible, since the fermionic fields are of first order). Following ref. 
[9], we introduce another operator 

/I \ 

10 

P^,,^v' 

VO -z5afe7"V.y 

and define Ti = HVt so that the one-loop effective action in terms of supertraces becomes 



(16) 



r = -Tr log?? - -Tr \ogh^ - iTr logA^ 
2 4 



(17) 



where, as usual, Ti = —KA + L^Va + -P, and the last term in ([T7|) is the ghost operator 
corresponding via (p!5|) to diffeomorphisms. 
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Now, 



(Z-^ C'/2 
C'/2 


V 

and the other (essential) matrix elements^ are: 



(g/4)^ 



-^p/^^."/3 



ql j 



(18) 



^21 = -C"{V'^) , 



-^23 ~ -^32 



-C"(V^$)P"'^'^^ 



^24 — ) 



33 V / cajk 2 ' 



1 / 



^34 = -^?'(V'^^)(V'7V)^l\ 



-^42 — -^43 — 1 



L^4 = -mjN^^ - 8ib{Nx/j){i/jN)^^ + i-|^(7,V')(^7V) , 



^In the non-spinor sectors the 't Hooft & Veltman doubhng procedure [10] is assumed. 
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Pl2 = 



P21 = 



~C"(A$) - ^C""(V^$)(Va$) + \v' + ]q'T+lb'J^ , 



1 

-( 
2 



33 



(Z - 2C")(V^$)(V^$) - 2C"(V^V^$) + -gT^ 



CR + V + qT + bJ^ + {-Z - 2C")(V^$) (Va$) - 2C"(A$) 



P4i = 86'J(7VV')-V(7^VaV') , 
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-oRl . 



(19) 



To calculate the divergent part we use the same technique as in ref. [3], representing 

7? = -X (1 A + 2^^Va + n) , E^^--K-^L^, n^-K'^P. (20) 
After that, the standard algorithm can be use, namely 



^Tr log?? = ^Tr log (lA + 2E^V x + H 



(21) 



where e = 27r(n — 2). The matrices E'^ and n are given by: 
{E')\ = ^(V^$) , 



{E>^)\ = , 



(i^)^ = -^(V,$)P"'''^'^ , 



(^')4 = -3^^J(V'iV7^) , 



(E')l = , 



A\2 



'C" C 



(V,$)P 



'C' 



2C" 



{E% = ^{y-^) 



p pa/3, Ak pa/3 pA/t 



2C' 



2C 



A\4 



ni = -^(V^$)(Va$) + — (A$) - -V^' + + 3^ , 



(/"/ C" 



^) (V^$)(V,$) + (§ - ^) (^*) - 



n 



f3q q' _ 3Zq'\ 
(2Z 4C" 



T + 



'46 , 8V 4&Z &'\ 2 



+ 



C qC C'^ C 



c c 



AC" S(7 



poJK pa/3 
pa Xk 



+ 



^ - ^) (v^$)(Va$) + 2^(A$) - - - It - A 



pa 
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n 



-Rl . 



(22) 



To obtain the divergent part, T2-div, we have to evaluate the functional (super)traces of 
the matrices above according to (21). After some tedious algebra we arrive at 



= ^Tr \ogn = I d^Xy/g' 



2e 



6 c c \ c c r ' 



3C"^ C"Z 



3<v^*)(v.*,.(i 



+ 



2C2 O 
AhZ 4b 2b' 8bq' 16b'^ 



3qZ q q' 



T 



(Nabma)] J' - ^ J(^iV3V;) |,(23) 



where we have used the Majorana identity ip^y-'^N^ip = for all k. 

The next step is to subtract the squared contribution, i.e. the second term in Eq. 
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Tr logfi^ 



R 

Tr log ( -A + — i 



div 



div 



1 

Ye 



n 



d X — R 



12 



(24) 



To complete the calculation one has to consider the ghost operator 



where again 5^ stands for the right functional derivative and the generators of the diffeo- 
morphisms are 



= -(V.$) 
Explicitly, 



P ' 



1 



(25) 



which leads to 



gh—div 



J_ / ^ { ^« 4( A,) + - g) ( v>t) (V.*) + It 



The final answer is 
1 



div 



^ I (fx^ 



\ 48 



n 



12 



c c 



(26) 



(27) 
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fAbZ 4b 2b' 8bq' lefc^ A 326^ J 

Notice that all surface terms have been kept in Eq. (28). 

Having performed the above calculation, now it is not difficult to take into account 
the scalar fields Xi, and to repeat it for the effective action (1). In fact, the introduction 
of the scalars leads to minor changes. All matrices become 5x5 (rather than 4x4): in 
the background field notation Xi — > Xi + CTj the quantum fields are 0' = {</?; h; hfj_v\ rja] (Jj}. 
Scalars do not spoil the minimality of the second functional derivative operator, so that 
the gauge condition may be left untouched. As a consequence, neither ghost terms nor the 
squared contributions change, and only a few matrix elements of and P do. Besides 
the completely new elements: 



^5 = Vij, (29) 
there is only one extra contribution 

P33 e.tra terms = ^/( V^x) ( V,x)i^'^^'"^ ' f .X){^'x) P , (30) 

which is essential for finding the divergences. The 't Hooft & Veltman procedure [10] is 
assumed to have been implemented whenever necessary, and we use the notations 
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The matrix K becomes 

^ Z-C'^/C C'/2 ?V ^ 

C'/2 {q/A)i) 

-{C/2)P'"'''^^ . (31) 

qi 

-/i 

Repeating the above procedure we may calculate the extra terms which appear in the 
effective action as a result of the scalar fields contribution: 



V 



2—div extra terms 



+ 



J 




mf" 




2/ 


4/2 



(V^$)(Va$) 



(32) 



Thus, the complete one-loop divergences for the theory (1) become 



P __1 
div - 2e 



fC" 3C^' 



f 48-n + 2m 2 2 Vu 
12 ^C^C" / 

+ 1 (V^$)(Va$) 



^VC^O^ 2/ 



A<l> 
166' 



2/ 

3gZ 3q q' 



AO 



/2 



+ 



4C C" 
3262 



46 2y 86g^ 



(iVabiVfeJ J2 - ^ J(V^iV^V') 



(33) 



This is the main result of the present section — the one-loop effective action for 2D dilaton 
gravity with matter. Furthermore, one can easily generalize this expression to the case 
when Maxwell fields are added, namely, when one considers action (1) plus the Maxwell 
action: 



1 



(34) 



With the background vs. quantum field separation ^ Afj^-\- Q^^, in the Lorentz gauge, 

SLarentz = ' j d^X ^ h{^){V (35) 

the extra contributions are known to split into the F^-terms and total divergences (see 
the second and third refs. [5]), which may be calculated independently, to yield 



-pextra 
Max., div 



\2C' 2C) h 



11 



+ ( ^ - § 1 (v'$)(v,$) 



(36) 



Thus, the total divergent contribution to the one-loop effective action of the theory 
(1) plus the Maxwell terms (34) is given by 



div 



fC" 3C"' C"Z mf'^ mf" h" /f \ 
+ TT-^-^--rV + ^ + ^- ^ (V^$)(Va$) 



(C^_Z_ mf ^_i\T 



45 2b' 8bq' 166%,, 32^2 | 

This gives the divergences of the covariant effective action (for a recent discussion of 
the covariant effective action formalism, see [11], general review is given in [14]). The 
renormahzation of the theory (1) using the one-loop effective action (33) will be discussed 
in the next sections. 



3 The one-loop effective action in curved spacetime 



In this section we will calculate the one- loop effective action for the theory (1) in the case 
when the gravitational field is a classical one, but the dilaton and the rest of the matter 
fields are quantized. Such a calculation is much simpler than the one carried out in the 
previous section, since there are no gauge-fixing terms and corresponding ghosts. 
The effective action has the form 



r = ^Tr log?^- ^Tr logQ^ 



where 



and the quantum fields are arranged in the vector form {(/?'; 77'^; cTj}. 

The basic matrices which enter in the operator of small disturbances are 
/I 0\ /Z gV \ 




VO 



i/ 




\0 



ql 








(38) 
(39) 



(40) 
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and the and P can be calculated easily. The divergent part of the effective action is 
expressed in terms of the traces of the following matrices (see also (20)): 



iE')l = ^(V^<l>) , 



Z' 



ha' — 



2Z 



(V\) , 



(E')l = , 



{E^)l = 2i^JN-f^ + 4i^(iV^)(^Ar7^) , 



{E')l = {E')l = , 



and 



We get 



2/ 



(v"x) , 



1711 yi /~tn -sni 

(ft); = ^(v^$)(Va$) + -(A$) -^R-^ 



+ 



f" 



(n) 



qZ 



VM' + ^(V'x)(Vax), 



3 



-.V, 



'2q;_^_(f 
qZ Z^ 



T 



-R + Tr {E^E^) + Tr (V^^;^) - Tr (^H + -1 



(41) 



(42) 



(43) 



where the first term comes from the matrix Q squared. Calculating these functional traces, 
we arrive at 



If { ( C" 



C" n + 2m + 2\ „ V" Vu 
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2/ 4/2 4ZV 
^12/ 2Zi qZ 



+ ( ^ - ^ + ^(^^a;.iV;.a)j J' - ^J(V^A^^V^) \ . (44) 



Expression (44) gives the one-loop effective action of tlie system composed of quantized 
dilaton. scalars and Majorana fermions in an external gravitational field. It is interesting 
to note that, contrary to what happens when the gravitational field itself is quantized 
(Sect. 2), we get a non-trivial renormalization of the C($)i?-term and /($) in the kinetic 
term of scalars. 



4 The one-loop effective action for dilaton gravity 
with Dirac fermions 

In this section we will be interested in the covariant effective action of dilaton gravity with 
Dirac fermions. We will show that some technical problems of the covariant formalism 
may actually be solved in this case, after what the calculation will be performed precisely 
as in Sect. 2 for Majorana fermions with dilaton gravity. 

Let us start from the Gross-Neveu model of n Dirac fermions ^. The action of such 
model interacting with dilaton gravity is 



-g($)^'7^am&daVA* - 6($)(^'^')^ 



_^gd.9rav.^ (45) 



where 

gd.grav. ^ J (fx ^ ^Z{^)g^''d^^d^^ + C{^)R + V{^) . (46) 

The functions 6($) and q{^) are supposed to be smooth enough. (Notice that recently a 
semiclassical approach to the Gross-Neveu model with Jackiw-Teitelboim dilaton gravity 
has been discussed in ref. [12].) 
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The equations of motion corresponding to the action yield 



^^^^ 5g^, 

-ig^7^VA^ - ig'(VA$) + 2bJ^ = , 

zg'^7^VA^ + fg"(VA$) - fe'J^ + = . (47) 

Here we denoted the currents J = and = \&7'^\E'. 

To compute the one-loop effective action we find the terms quadratic in the quantum 
fields — s> \E' + X , etc.) We write down only a few of the most important terms: 



(4J 



The last two terms give rise to a non-minimal operator after the fermionic squaring x 

X — '^7^VaX • Owe can choose the gauge fixing condition to cancel the second term in 

Eq. (PSI), as was done in [9], but the last term remains and there is obviously no chance 



of getting rid of it. This problem always appears in the four-fermi theories but so far it 
has not been made public since the four-fermi terms are not renormalizable on index in 
the spaces with (i > 3. 

The problem we tackled never arises in the Majorana case since with the help of the 
Majorana transposition rules one gets 

{^X){^X) = ixm^x) ■ (49) 

Hardly could this solve all the problems one encounters in higher space-time dimensions 
but in (i = 2 it allows to surmount the problem of the non-minimality. 

Let us introduce two subsets of the Majorana real-valued fields iIji,2 according to the 
rule 

The existence of the Majorana representation in two spacetime dimensions ensures that 
the fields may be taken real, so that %Ij is the charge conjugate of as it should be. Using 
the Majorana properties, one has 



5 = y d^x ^Jg 



I \ 

xi^i + -g($)^/'27^VA^2 - -&($)(^l^/'l + ^2^2 
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+dilaton gravity , (50) 



where no surface term has been dropped. Notice also that the covariant derivatives here 
may be substituted with the ordinary ones, cf. Eq. (8) above, since the spin connection 
drops out of the Majorana bihnears in two dimensions. The latter circumstance make the 
calculation of the one-loop effective action much easier since it is not necessary to vary 
the spin connection. 

Further, it is profitable to arrange the two Majorana fields into a larger multiplet 
{'4'a}l=i defined as 

Clearly, this is a Majorana field as well, with all its inherent properties. Thus we have 



'-q{<^)iPj^d^iP-b{<5){iPN'il;y 



+ dilaton gravity , (52) 



where Nab = |(^a6- 

The scalar current may be recast in the Majorana form as follows: 

J = = ^Nip . (53) 

Also, let us introduce a quantity 

T'"'=-^ (^-f^V^^^lf + "^Y"^ , T = = -^^7^vl^ , (54) 

then by the same reasoning as before we get 

T'"' ^-^ i^^V'^il^ + V^t'^VV) , T = -i^^Vxi^ ■ (55) 

Now the problem reduces to the old one: that for the Majorana case, with only minor 
changes. The divergent part of the one-loop effective action for the Gross-Neveu model 
with the Dirac fields becomes (we use for this calculation the results of Sect. 2) 
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/86^ ibZ 46 2b' Sbq'\ ,jl 

Let us now try to generalize our result to the most general case of the four-fermi 
interaction {'^A'^Y, the matrix A being an arbitrary combination of the Dirac algebra 
elements (some examples are: 7*^75, 7^7*^7^, and so on). The fact is that all these A's 
fall into three cases since the two-dimensional Dirac algebra basis consists of just three 
elements: 1, 7^ and 75. Thus the most general situation is 

with arbitrary smooth functions &i($), b2{^), b^l^). The currents here are defined as 
usual: 

J = , J5 = "^75^ , J" = ^Y"^ ■ (57) 

However, things may be simplified even further, with the use of the two-dimensional Fierz 
identity which yields: 

J^J^ = - . (58) 

Hence we can eliminate one of the three structures and technically the simplest choice is 
to set 63 = 0. So, what one has to do is to complete the action (^) with the axial term 

Sa. = -J d\ ^ [a($) (^75^)2] . (59) 

Let us turn our attention to Eq. (|58D. At first glance, it may seem a little strange. 
The reason is that its left-hand side is chiral invariant while both term on the right are 
not — however the non-invariant contributions cancel in pairs. Thus we note that the 
total action S + Sax is only chiral invariant if a($) = — 6($), and so are the one-loop 
divergences. Hence the extra divergences to arise (cf. Eq.(|56D above) are 



axAiv 



where the dots stand for possible mixed terms proportional to ah. To the end of the 
section we will compute these terms. 

First, go to the Majorana field multiplet so that 

/ l/2\ 

Js = i^-f^M^ , Mab={ , , (61) 

V-1/2 / 
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and 

jt^ = i^^Mip . (62) 

Note also that 

i)Mi) = , i^M^ip = J2 . 

Second, expand the action 

Sax = J d^xy^ai^) (^^5M^y 

in quantum fields ip ^ ip + 1] and note that the gauge fixing terms (and thus the ghosts) 
acquire no extra terms. After the fermion operator squaring we obtain some additive 
corrections to elements of the matrices and fl (see Eq. (20)). Therefore, it is the 
Tr (E^Ex) that gives the desired mixed contribution. 

A little thought suggests that the only correction that leads to ab terms is 

6{E')t = -^J5(M757') - — (75M^)(V^M757') (63) 
q q 

so that the desired mixed term contribution is found to be 

r'^iX = / ^ - - ^'^-) ' (64) 

which is zero by virtue of Eq. (^8]) . The final answer is 



div 



.(^-3g-|^)(V^*)(V.*).(||.^-^). 



f8b\ , AhZ 4b 2b' 8bq' . . 



2 



/Sa^ 4aZ 4a 2a' 8aq'\ .1 , , 

+ (^(l-")+C?^-C"-^j^l)- (65) 

Thus, we have calculated the one-loop divergences of the covariant effective action 
in 2D dilaton gravity within the most general four-fermionic theory described by Dirac 
fermions. An interesting remark is that the renormalization of all fermionic terms in 
the action is given by the same term (and the same generalized coupling constant). For 
example, if 6($) = in (45), then the term is absent in (65). 
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5 The one-loop renormalization 



In the previous sections we have calculated the divergences of the one-loop covariant ef- 
fective action for 2D dilaton gravity interacting via various kinds of fermionic matter. Let 
us here discuss the issue of renormalization, to one-loop order. Without loss of generality, 
we will restrict ourselves to the case of 2D dilaton gravity with Majorana spinors, viz. 
Eq. (28). By adding to the classical action (8) the corresponding counterterms (Tdw with 
opposite sign), one obtains the one- loop renormalized effective action. 

Choosing the renormalization of the metric tensor in the following form 



g,j.u = exp 



+ 



g 



R 



(66) 



(this choice absorbs all the divergences of the dilaton kinetic term), one can obtain the 
renormalized effective action as (for simplicity, we drop the superscript 'R' off g/^^, and R): 



I (a. 



+T 



q + 



b + 



e \8C 
'3b 



Zq 
3bZ 



€ \ C AC'^ O 



2C\ ^ 

^ 6^ ^ 4bq' 8&2(n - 2) 



(67) 



qC g2 

where we choose Nab = ^ab- 

Now, the conditions of multiplicative renormalizability of the theory in the usual sense 
have the following form 



36 

7j 



3bZ b' 



_ v zv 

_q_ _ _Zq_ ^ 

8C 8C"^ 2C' 
Abq' 89 {n- 2) 



a2q, 
asb, 



(68) 



4C"' C qC g2 

where Oi, 02 and 03 are arbitrary constants. These conditions restrict the form of the 
functions under discussion. 

Some sets of solutions of Eqs. (68) can be obtained exphcitly. The simplest choice in 
the gravity sector is 

C($) = Ci$, y = 0, (69) 
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where Ci is an arbitrary constant. Choosing also n = 2, we get the following family of 
renormalizable potentials 



(70) 



where qi, ai and 61, a2 are coupling constants. The renormalization of these coupling 
constants follows as: 

1 / q;i 1 ' 



R 



hi 



1 + 



(71) 



and cci and a2 do not get renormalized in the one-loop approximation. It is interesting 
to notice that for ai — l/(4Ci), 0:2 = — l/(4Ci), the coupling constants qi and 61 do not 
get renormalized in the one-loop approach either. 

For n > 2 these multiplicatively renormalizable potentials look as 



g($) = gi$-V4eai<I.^ ^^^^ ^ ^^^-3/2g2ai$^ (73) 

but now Ci is fixed by (12a2 - az)Ci + 3/(4Ci) = and qi/hi = 16(n - 2)Ci. 
Another interesting choice is the following 



We find in this case (for n — 2): 
q ^ qi exp 

h — hi exp 



1^ = 0. 



(a3-8a2)e'^^*- (^ + 2rfi)$ 



(73) 



(74) 



Now, it is interesting to compare the conditions of multiplicative renormalizability (68) 
with the case when the gravitational field is a purely classical one. Using expression (44) 
we easily get the renormalized effective action for the dilaton interacting with Major ana 
spinors in curved spacetime: 



V" Z" ?>z" 

~Y^2Z~ 4Z2" 



^ 2e\Z qZ ) 
\ 1 fh" hq'^ 16h\n-2) 

- — I — — H n 



(75) 



2e \Z qZ 
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As we see, the conditions of multiplicative renormalizability look completely different from 
(68) 

V" 



Z" 


3Z'^ 


2Z ~ 




b" 


bq'^ 



q" 2q" b" bq'' , m\n - 2) 

= Z-^ + q^ = ^''^ 

In the same way one can study the renormalization of Dirac spinorial matter with 2D 

dilaton gravity. Notice also that one can also investigate the renormalization in the 1/n 

approximation; however, then only the four-fermion term is renormalized. 



6 Conclusions 

In summary, we have studied in this paper the covariant effective action approach in 
2D quantum dilaton gravity with four-fermion models described by Majorana or Dirac 
spinors. The one-loop renormalization of the theory has been considered and the (rather 
involved) conditions for multiplicative renormalizability have been obtained. The solution 
of these conditions gives explicit families of multiplicatively renormalizable dilaton poten- 
tials. These potentials maybe the starting points to discuss 2D quantum dilaton- fermion 
cosmology along the ideas expressed in refs [15,16]. 

One can also investigate the generalized renormalization group flow in the models 
under discussion. To be more specific, let us consider again the theory (8), and let 
T = {Z, C, q, b, V} be the set of generalized effective couphngs. The general structure of 
the renormalization is now 

akT{Z, C,q,b, V) 



To = 

where, as it follows from (33), 



k=i 



(78) 



Z' 2C"^ 2ZC" 
o-iz — — ^ + H 

aic = 0, 

V V 

3qZ 3q q' 
«i9 = ~8C^~8C + 2C^' 

2bZ 2b y_ 4bq' 8b\n-2) 
«i6 - + + ^ q^ ■ 
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Now, the generalized /?-functions can be defined according to 

o , 7^aiT , ^SaiT (5air Sgit Sqit , . 

Pt = -a,r + + + + + (80) 

Applying this rule to the above functions, we get: 



_ 2C'^ ZC" 2CZ'C" AC" 3CZ' 

Pc = 0, 

^ \/ r V^C" CV" 2CV'C" 

w - ^ + ^ ~ ~^;2 ^ + — — ' (81) 

3g _ _ 3CZq' _ 3CqZ' 9CqZC" Cq" 



C C C C C g2 

2Cb'C" ACb'Z 4CbZ' l2CbZC" 

+ 



C'^ C'^ C'"^ C'^ 
ACb'q' ACbq" _ 4Cbq'^ _ SCbq'C" 

The renormalization group fixed points of the system under discussion are defined by 
the zeros of the above /9-functions (see also [10]). What we obtain is the following. As is 
not difficult to see, the same structure of fixed points that we analyzed in detail in our 
paper [7] is maintained here. In fact, the first three of the beta functions are exactly the 
same as the ones for that restricted case, and it suffices to impose q{^) = and = 
in order to obtain corresponding fixed points in the present, generalized case. However, 
one has to take care of the limits, that is, actually wc must put g($) = f] = const., where 
7] is arbitrarily small, in order that the families of fixed points obtained in [7] give also 
corresponding families here, which are approached as 77 ^ 0. We shall not repeat this 
construction here and simply refer the reader to this paper. 

In the same way, the case of the more general four-fermion theory can also be discussed. 
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A Appendix 



In this short appendix we shall see how our results give the one-loop renormalization of 
such a well-known model as the sine-Gordon one. 
Let us start from the action 



mcos(px)e"* + -g^^'d^xduX 



(83) 



Here p is some number and m, a and ^ are coupling constants. The one-loop effective 
action of this theory has been calculated in Sect. 2, Eq. (28). Using this result and 
making the renormalization of the metric according to 



Qnv = exp 



1 



one obtains the renormalization of the coupling constants in the following way 



(84) 



niR — m 



e V 2 ^/2, 



(85) 



The coupling constant a is not renormalized at one-loop order. Hence, there is no inter- 
esting renormalization group dynamics at one-loop approximation. (It is well known that, 
in fact, interesting dynamics appear in the non-perturbative approach, as in the matrix 
models [13]). 
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